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Abstract: By performing a derivative expansion on a class of boosted Born-lnfeld- AdSs 
black branes, we study the hydrodynamics of the dual field theory - in the spirit of 
AdS/CFT correspondence. We determine the fluid dynamical stress-energy tensor to first 
order, and find that the ratio of the shear viscosity to entropy density conforms to the 
universal value of I/Att to all orders of the inverse of the Born-lnfeld parameter. 
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1. Introduction 

The AdS/CFT correspondence has clearly shown its prowess in elucidating various 
aspects of strongly coupled gauge theories. One of the first examples encountered in string 
theory was the study of = 4 SU {N) supersymmetric- Yang-Mills theory on i?^'"*^ with 
a nonzero chemical potential. For this theory, which is dual to type IIB supergravity on 
AdS^ X , the ratio of the shear viscosity r/ to the entropy density s has been computed via 
the Kubo formula as well as a recently developed technique of mapping a hydrodynamic 
expansion of the boundary to a gradient expansion in the bulk Q. In the large N limit and 
at strong t'Hooft coupling, r]/s = \/Att. Indeed by now, we know that this lower bound 
enjoys a well-known universality of being applicable to an enormous class of gauge theories 
with holographic gravity duals. However, there have also been many insightful attempts 
to derive plausible corrections to this ratio. For example, in Q, higher derivative terms 
with the five- form Ramond-Ramond flux were taken carefully into account; while in (H, 
motivated by the vast stringy landscape, deviations from this ratio were found when the 
field theory is mapped to gravity with Riemann curvature square terms. 

Recently, an interesting effort was made in in checking this ratio for the field the- 
ory with Einstein-Born-Infeld (FBI) gravity as the dual. First, let us briefly discuss the 
relevance of EBI gravity. Now, although it is well-known that the Dirac-Born-Infeld (DBI) 
action governs the low energy dynamics of D-branes , it is not clear that the EBI action 
(see ( |2.lD ) can arise from some consistent truncation of any type IIB supergravity. Yet ar- 
guably, the EBI Lagrangian is the simplest nonlinear generalization of the U(l) gauge field 
in Einstein-Maxwell- AdS theory to which it reduces in the infinite limit of the Born-Infeld 
parameter (3 = l/27ra, where a is the string tension . Another good reason to study FBI- 
dual field theories is that the scaling limit which preserves the supergravity solutions does 
give the entire DBI action on the gauge theory side |^] . Under a dimensional reduction cou- 
pled with the Monge/static gauge, Born-Infeld terms should then arise in the Lagrangian 
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||9|]. In the context of gauge/gravity duality, this motivates one to use the action in 
to construct and study features of a Born-Infeld-corrected gauge theory. 

In Q, the Tj/ s ratio was beautifully checked to be actually still l/47r up to the first order 
of the inverse square of /5, by virtue of the Kubo formula. The authors in ^] interpreted 
this result as essentially saying that the universality of the ratio l/47r is simply because 
the different gauge field theories are dual to the same Einstein-Hilbert gravity. Indeed, 
this perspective is supported by other works such as in |1C]. However, a caveat is that the 
calculation in holds only to the first non-trivial order of l//3^. This difficulty can be 
easily traced to the fact that the equations of motion of EBI gravity are rather complex. 
Recall that in using Kubo formula, one perturbs the graviton to compute Green's functions 
and then solve the resulting coupled differential equations for the metric perturbations. The 
shear viscosity is then picked up from the low frequency behavior of the perturbation fields. 
Unfortunately, the form of EBI gravitational action appears to make such a calculation 
analytically impossible if one demands a conclusion for r]/s to all orders of inverse /?. 

In this brief paper, we reconsider this problem from the viewpoint of the recently 
developed technique in |Q which relates the hydrodynamic regime of the gauge theory to 
black holes that are asymptotically AdSs via a derivative expansion. The shear viscosity 
comes from a first-order (in the derivative expansion) dissipative correction to the fluid's 
stress-energy tensor which can be interpreted as the stress tensor of the dual boundary 
field theory in its de-confined phase. We find that this different method actually yields 
rj/s = 1/4tt to all orders of inverse /3, thus strengthening the result in |^] where the Kubo 
formula was used instead. 

Now the main idea behind the technique in |^] can be briefly summarized as follows: 
begin with a d parameter set of exact asymptotically AdS(i+i black branes parameterized by 
constant temperature and velocities. The Goldstone philosophy is invoked to promote these 
temperature and velocities to slowly-varying coordinate-dependent fields. The Einstein's 
equations are then solved perturbatively in the number of field theory derivatives, order 
by order in the derivative expansion in 1/LT, where L is the length scale of variations and 
T the Hawking temperature. The first few terms in the expansion turn out to be familiar 
terms in hydrodynamics, with the zeroth order terms equal to the stress tensor of an ideal 
fluid and the coefficient of its first-order term being its shear viscosity. The higher-order 
terms describe other dissipative effects, and from which we can read off quantities like 
relaxation times. In essence, this is the so-called fiuid/gravity correspondence (see |11] for 
a nice review). 

Since our black branes reduce to those recoverable from Einstein-Maxwell-AdS gravity 
in the infinite /? limit, it is appropriate to summarize what has been achieved in literature 



so far in the latter. Independently in |12], [^] and electrically charged AdSs black 
branes are studied via this fiuid/gravity correspondence. Now, there is a charge current 
which is varying as well. The conserved charge of the GET (besides energy-momentum) 
is just the number of particles that constitute the fluid. Eirst- and second-order transport 
coefficients (including rj/s) have been calculated too. It is also worthwhile to note that 
the treatment in []l3|| and [|l4| contains an additional Ghern-Simons term which renders the 
gravity action to be a consistent truncation of type IIB supergravity on AdS^ x (see 
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1 15] for the KK reduction ansatz). 

Our paper is organized as follows: in section 2, we first review the known black hole 
solutions to the EBI action, boost them via a set of constant 4-velocity parameters, and 
choose the chart of Eddington-Finkelstein coordinates. In section 3, we carry out the 
derivative expansion and solve for the global metric and gauge field at first order. With 
these, we will read off the ratio of r]/ s to be l/47r exact to all orders of inverse fi. In section 
4, we end off with discussions about future directions. We shall use naturalized units in 
which h = c = \, with the 5D Newtonian gravitational constant G = l/lGvr. 



2. Boosted Born-Infeld-AdSf, black branes 



We begin with the action 
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(2.1) 

where R, i?^^^ are the Ricci scalars of the bulk and boundary metric respectively, A being 
the cosmological constant, 7 the boundary metric, g the i?— charge coupling, and K the 
trace of the extrinsic spacetime curvature K'^'^ = — ^(V^n'^ + V^n^), with n'^ being the 



outward pointing normal vector to the boundary. The action in (2.1) consists of the usual 
terms in EBI gravity, with K being the Gibbons-Hawking term and the term thereafter 
being the counter-terms which have to be present to cancel divergences due to the infinite 
volume of AdSs (see [|^] for the original derivation) . Now, the equations of motion to (^ 
read 
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Exact solutions to ( |2.2D and ( |2.3| ) were first found in |17| and [18|, and the black holes 
were topological in nature. Since the dual GET resides in JR^''^, we require the event 
horizon to be Ricci-flat. Further, to make the horizon apparently regular, we work in 
incoming Eddington-Finkelstein coordinates. Our black brane metric reads (we set A = —6 
henceforth) 

ds2 = -r2/(r)dt;^ + 2drd?; + r^{d.x\ + d.x\ + dxi) (2.4) 

where 
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with being the hypergeometric function that admits a convergent series expansion for 
large /3 or r. The isometry of ( p.4p allows us to perform a boost with a constant time-like 
Minkowski 4- vector , with = —1. Our final metric thus reads 
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where 

while the U(l) gauge forms are 
2y/3(3q 



(2.7) 
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Following 1 12 1, we have purposefully distinguished between the R-charge coupling g and 
external electric charge coupling e. The Hawking temperature T and chemical potential fj, 
of the black branes depend on the outer event horizon radius r_|_ because 
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The constants parameterizing our black branes form the set {m, q, A^^^, b}. We now proceed 
to perform the derivative expansion of fluid/gravity correspondence, i.e. we perturb the 
bulk metric to evoke the hydro dynamical degrees of freedom of the boundary's CFT. 



3. The derivative expansion to first order 

The first step is to uplift the constant parameters to become slowly-varying functions of 
the transverse coordinates = {v,Xi). Since {m, q, A^^^ ,b} are no longer constants, the 
metric ( |2.6D and gauge fields ( |2.8| ) are no longer valid solutions to ( |2.2| ) and ( |2.3D . We shall 
extend this exact solution by adding re-th order metric components to ( |2.6| ) order by order 
in a derivative expansion. To set the stage right, we decompose the n-correction metric 
into^ 

l.{n) •('^) 9 

ds(")' = ^dv"^ + 2/i(")d^;dr + 2^dz;dx^ + r^faj"^ - -h^""^ 6ii)dx'dx^ (3.1) 

and similarly, the gauge fields into 

^(") = 4") {r)dv + af-^ {r)dx^ (3.2) 

where we have adopted an axial gauge for the gauge field. It will turn out that because the 
background metric ( |2.6D preserves a spatial 50(3) symmetry, this symmetry allows us to 
solve separately for the 50(3) scalars { k^'^\ h^"-^ }, the 50(3) vectors and the 50(3) 
symmetric traceless two-tensor aj"^ . As mentioned in , this is crucial for the integrability 
of the system. Following the methodology in Q, we define the tensors: 

^Our convention mainly follows that of [|12|. 
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W^s = Rab + ^9AB + ^ ( TTTfW ^ 6^^- 
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(3.3) 

VFa = Vb| . I (3.4) 

which vanish when the equations of motion are satisfied. Now consider these tensors in the 
neighborhood of a point Xg = (but at arbitrary r) with the choice of = (1, 0, 0, 0), h = 
bo,m = mQ,q = qo,A^^^ = Af^^. When we uphft {m,q,A^^^,b} to be functions of x^^, and 
carry out a derivative expansion, the extra terms that emerge from ( |3.3| ) and ( |3.4| ), which 
we denote as Sa,Sab, are proportional to the derivatives of the parameter functions . To 
ensure that the tensors Wab, Wa vanish, we have to add the correction terms of ( p| ) and 
1 ^ ) to the metric (0). 

These imply that we can obtain the metric to first order in this derivative expansion 
by solving coupled differential equations involving the various correction terms and first- 
order derivatives of {m, q, A^^^, b}. Now once the solution is obtained around Xq , it can be 
uniquely extended to the rest of the manifold. This process can, in principle, be repeated 
iteratively, with complication coming from the increasing complexity of the source terms 
Sab,Sa- Assuming that we have obtained the (n — 1)*'^ order solution, we can calculate 
the n^^ derivative order source terms and obtain n*^ order correction terms in metric and 
gauge fields. We also expect constraint equations which should lead nicely to conservation 
laws of the hydrodynamical theory at the boundary. Indeed, we will verify this explicitly 
later. 

In implementing this technique for ( |2.6D , we find the following equations and definitions 
useful: 

SR^,u ~ VaV(^^Kf - ^V^duh - V, (h = 5g) 

q ^prl 1 4 -12g2g^ '| 3q / 12g^g^ Y p M 3 7 ^12fiVN 1 (-[ , 12g2f N-1/2 _ r> 
^2-^11,3, 2' 3' ) ~ 8r^ V~a57B- j 2 -C^U 3) 2' 3' f^^r^ > ~ ^S'l-'- + ^2^6 ) — U 

n = Sllfi {rl'^\ " = 2g Z? el 1 1 -12g^q^ \ X = 2v^/3gg 



(3.5) 

With the aid of K^) and aft er some algebra, we obtain the following equations for Wa ■ 



Wi = ldrle (r'fdr-a, - j - 5i = , (3.6) 



^Note that we have suppressed the superscript label (n) in the equations which should be valid for any 
order in the derivative expansion. In each order, only the expressions for S are different. 
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Wr = — ^dr r'^dra^il - Gi) + 2hr'^T{l - Gi/2) - 5. = , 



(3.7) 



= -dr ( r'^dra^{l - d) + 2hr^T{l - Gi/2) ) - 5^, = , (3.8) 



From (3.7) and ( |3.8| ), we observe the constraint: 

Sv + r'^fSr = 
Similarly, the tensors of (|3.3|) were found to simplify to: 
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(3.10) 



These tensors of ( ^.10 ) vanish when (|2.2| ) is satisfied. The analogue of ( |3.9D reads: 



Svv + 1" f Svr — , 
Svi + f f Sri — , 



(3.11a) 
(3.11b) 



We can do some number counting as a consistency check: there are 15 equations with 5 
constraints to solve for the 10 unknown metric components in (^]^), and 5 equations with 
1 constraint to solve for the 4 unknown gauge fields in ( |3.2[ ). Let us now proceed to list 
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down the first order source terms which we find to be: 
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(3.12) 



In particular, these source terms imply the conservation equations: 

Amdibi + Sd^m = , 
dyq + qdibi = , 
dim + Amdybi = VS—F^rf 

g 



(3.13) 



Later, we will see that (3.13) can be expressed covariantly in terms of the energy-momentum 
and charge current tensors. We now proceed to solve ( p.6D -(^?7|) and ( |3.10 ) partially, first 
withholding the substitution of the source term expressions in ( |3.12| ) since these results 
can be useful for higher-order treatments. Comparing with the analysis in [12|, |13] and 
jl4U which were concerned with the Einstein-Maxwell-AdS limiting case, we find that our 
solutions are very similar, and the complication only arises in the solving for and jj. 
Indeed, it is straightforward to derive 
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a,; 



and with a set of coupled differential equations for and j'j: 



"^^-e^raj + ^5r- f ) = Sri, (3.15a) 
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From the source term expressions in (|3.12| ), we obtain: 

2 



h = 0, k= ^r^dA , 
a{r){dibj + djbi - "^Sijdkbk} , (3.16) 



where 
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Note that in ( p. 17 ) we have expanded a in C'(^) because the AdS/CFT dictionary requires 
us to read off the coefficient of 1/r^ in a as we would elaborate later on. To be careful, the 
/3-correction comes not merely from those in the argument of the hypergeometric functions, 
but also whenever m occurs. This is because we have taken our perturbation in [j on the 
basis of fixed r_|_ and q, upon which then m must be expanded in (5 about mo = ^(^^4- + ^r) 
- which is simply the mass parameter of the corresponding Reissner-Nordstrom-AdS black 
holes at infinite (3. At this point, it is nice to observe that the /3-correction does not seem 
to creep into a at the order of 1/r^. We are thus left with the task of solving ( |3.15a ). 



Unfortunately, the eventual expressions are quite complicated, so we will leave details to 
the Appendix, noting that ji and will not affect our main goal of calculating -q/s^. At 
this junction, it suffices to say that even though (3.15a) cannot be solved analytically (as 



opposed to the infinite [3 case), one can, as usual, use ordinary perturbation methods to 
solve them to orders in 1//3. The subtle point is that this has to be accompanied carefully 
by an expansion in 1//? in the mass parameter m about rriQ. As shown in the Appendix, our 



solution (see also [|l^], [13| and [|J]) lies crucially on selecting r+ as some of our integration 



limits. It is then neater to fix q and r+, while letting m = m{f3). 



^Their analysis will be needed if we want to calculate transport coefficients such as thermal/electrical 
conductivities. A simple perturbation scheme in 1//3 is presented in the Appendix which will be useful for 
this purpose. We leave further applications to future work. 
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Let us now proceed to discuss the AdS / CFT dictionary relevant to our purpose here. 
The boundary stress-energy tensor and current can be calculated out of the bulk after an 
ADM decomposition of the metric: 

ds2 = -f^^{dx^ + V^dr){dx'' + Vdr) + iV^dr^ (3.18) 

where 7 is the induced boundary metric. The tensors can then be read off by computing 
(see, for example, [11 1): 
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With ( 3.19| ) and ( |3.20| ), we can obtain the zeroth order boundary current and energy- 
momentum tensors: 



r('^o^ = 2m(ry'^'^ + 4u'^^-), J/^ 



2^/3g 
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and thus (|1|) can be expressed covariantly as 



d^jf^ = 
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To calculate first-order effects, we have to re- write our metric ( p.q ) together with the 
correction terms in a covariant manner. For this purpose, it is useful to define (see for eg., 

ji = jhd.bi + j,{diq + qd^bi) + jpF^f (3.23) 



With some manipulation, our first-order metric can now be expressed globally as 



(3.24) 



ds^ = -r'^funUydx^'dx'' - 2u^dx''dr + r^P dx^dx'' + 2r^ aa au<^x^' dx"" + 
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Now, we can then insert ( p. 25 ) into (3.19) to find that 

From (l33^ ), we can read off the viscosity as 

7/ = 



(3.25) 



(3.26) 



(3.27) 



The relation ( ^.27 ) is identical to the viscosity of the hydrodynamical theory dual to 
Reissner- Nordstrom- AdS black branes (which is the case of infinite (3) which we denote 
by 77/3=00- Nonetheless, its functional dependence on temperature and chemical potential 
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is different. For example, we can see this by simply expanding in upon which up to 

first order, we have 




rif3=oo - -^Q ( pto, Tq ) (3.28) 



where Tq and /xq denote the temperature and chemical potential of the infinite (3 case, and 
^ is a non-vanishing function. This is not surprising, in view of (U) and ( ^lol) . Let us 
now consider the entropy density s which can be computed by taking the partial derivative 
of 2m with respect to T at fixed 



d{2m) _ dr^{2m) + d,{2m)^ 
dT dr^T + d,T^ 



47rrj 



(3.29) 



We observe that ( 3.29] ) is actually equivalent to the Bekenstein-Hawking entropy density 
of the EBI black branes as calculated in . Taking the ratio of ( 3.27| ) to ( p. 29] ) yields the 
universal ratio: 

- = T- (3-30) 

s 47r 

Note that both (3.27), (3.29) and hence (3.30) are results exact to all orders of 1/(3 even 
though we are working in a first-order derivative expansion in the metric and gauge fields. 
This is thus an improvement of the conclusion made in [^j in which ( 3.301) was calculated 
to first order in by using the Kubo formula to analyze gravitational perturbations of 
the same EBI black branes. 



4. Conclusion 



To summarize, we have begun with a class of boosted 5D black branes which are exact 
solutions to the EBI action of ( |2.lD , uplifted their temperature and boost parameters to 
be tranverse-coordinates-dependent, and then used a derivative expansion to construct 
the energy momentum tensor of the hydro dynamical theory living at the boundary. This 
technique - first introduced in the seminal work of Q , allowed us to deduce r//s = l/47r to 
all orders of inverse (3 instead of only to first order of in A brief re-look at our 
calculation will show that the crucial step lies in obtaining the coefficient of the term 
in one of the metric components. That aij is integrable is the key to the advantage of this 
method over the Kubo formula for this particular problem. Our result is an improvement 
of the conclusion in [^, and thus strengthens the perspective stated in that quantum 
corrections to this ratio seem to arise mainly due to gravitational degrees of freedom. 

A natural future direction is to construct and analyze the first-order charge current 
jp- in greater details than that outlined in the Appendix, upon which we can read off the 
thermal and electrical conductivities, at least to certain orders of inverse (3. One may then 
use the resulting correction to obtain at least a qualitative picture of how the nonlinearity 
and well-known screening effect |jl^ induced by the Born-Infeld term manifests itself in 
a hydrodynamical theory through, for example, corrections to the Wiedemann- Franz law 
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|2C] or other transport coefficients. As a gauge theory containing Born-Infeld terms is weh- 
motivated by string theory ||2l[|, it would be worthwhile to investigate further how much 
more the fluid/gravity correspondence can tell us about the hydrodynamical regime of such 
a theory. 
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A. Calculation of the metric and gauge correction terms ji and Oj 



In the following, we write down explicitly an outline for the calculation of the metric and 
gauge correction terms ji and aj to first order in l//3^. Firstly, it is straightforward to 
decouple ( 3.15a| ) to obtain: 
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(A.3) 



In the infinite /3 case, equation (A.l) admits an exact homogeneous solution, and the 
general solution for ji and can be found using method of variation of parameters. This 



has been done in [12| and |13|, with the resulting expressions already quite involved. In 
our case, we were not being able to find the homogeneous solution mainly due to the fact 
that /(r) contains a hypergeometric function. This may imply that we have to resort to 
perturbation methods to solve for the two terms (once ji is obtained, an integration can 
be carried out to obtain Cj), and thus the reason for introducing Si. In the following, we 
will write down explicitly an outline of how one can obtain ji and Oj to first order in l//3^ . 
The procedure is very standard with the only subtle point being the /? dependence of m. 
Thus, we expand: 

(A.4) 



Now, in 1 12 1 and [13|, jl_^^ was computed to be 



,(0) 



-r /o(r) / dxCi{x)fo{x)x 
""^ dx 



dy 



+rVo(r) 



5^2rT ; \ ^^^"^^ + / dx[x/o(x)0(x) + Sx'^d^bi]) (A.5) 

^ Jo \^) J \ Jr J 



- 11 - 



where 
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One notes carefully that 
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Also, it is straightforward to compute S to be 
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Substituting ( [A .81) into ( |A.l| ), we arrive at an equation for Jj to be 
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Then by the method of variation of parameters, we obtain a closed-form expression for J 
to be 



J,. 



r^h{r) I dxxfo{x)J^i{x) 



1/5 f2 
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dx 
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Jr ^ Jo Jt 

(A.ll) 

Clearly from ( [A.2 ), another integration will yield Oj to first order in l/fP- The exact 
expressions for ji and aj are not needed for the computation of the conserved current J^, 
but only their asymptotic behaviors. In particular, the coefficient of the term in in 
Oj will give . However, to write it covariantly and extract first-order linear transport 
coefficients - such as thermal/electrical conductivities from it, we will need to take the 
r — > r+ limit of ( A.ll| ) due to the J(r+ )-term in (A.9). Although this could be achieved in 
the infinite [3 problem, the integral form of jo might imply that we need some numerics to 
calculate/estimate this limit. We leave this and related applications to future work. 
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